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ADSTRACT

The energy loss of a relativisticelectron in a Lorentz type plasma is
calculated by the method of Landau. No relativistic correction was foubd
for a collisionless plasma; however, corrections occur for a plasma with
collision losses.

1. INTRODUCTION

A fast charged particle passing through a plasma loses it energy by the
excitation of plasma waves. This energy loss can be regarded macroscopically
by utilizing an effective dielectric constant for the plasma. This approach
was first used by I Ferai (roe 1) for a solid consisting of slightly damped
electrons bound by simple harmonic forces. The approach in this paper will
follow the work of Landau (ref 2) in calculating the energy loss of a rela-
tivistic electron in a plasma.

2. THIORY

Lot us consider for a moment a volume of plasma large enough so that
the net charge contained is zero but yet small enough so that we can average
the microscopic fields over the volume and write Maxwell's equations in the
average sense.

In particular these equations are

V.l =0 V. =0a a

x.=nx =-- ff (1)
VXta c a a c a

where the subscript "a" means an average over a small volume (all equations
are in c.g.s. units with pL = 1). We shall drop the subscripts on the fields
since the only fields we will consider will be in this average sense. The
above equations are incomplete in that no sources have been introduced. In
the particular example, we need the charge and current density of the charged
particle whose loss we are calculating. The complete equations are then

V• =47rq V(-4t) V - 9. V • H = 0

I vaf + 4±ff*q 6 (jt) V X (2)

where the added functions are Dirac delta functions (ref 3). The equations
(2) can be expressed more simply in terms of the potentials A and t such that

1 - -•A ý• (3)
cd5
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iwhe, Cci th operator such that j(t) . (] .(t) M and or time depend-
eone0 0 ej implies e(e). We shall asmums the plasma is contained

is a larqp bh with perlodic boundary conditions such that we my expand
all tge Potentials to a Pourior series as

k
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k

"mu eemmat i' and charge density can be expanded the sawe way, so that

,. - [..-if.•t .utrt ()
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where V is the volume of the boa. * wn theose expressions are Inserted

into the wave equations satisfied by the two potentials we have

ks - , S-i " .a
•.•g°i;'•tMV

(10)



-iV'Vt
wits we have utilised the fact that if all the fields vary as e

thae [e] becomes a(.v The electric field can be found from equation
(3) sad is

"k ' -k i* 1

Inserting the values of r and % in equation (11) we obtain

er'- ±!3') C

kk I~i( e
Now the force on the test charge is given by ql(rt) at the change, or

CWC

Ub am. let the box become very large so' that

I. - d t (14)

k

them

Por convenience we will change variables in the Integrand to

k v = k =p coo 0
s x

k mp in 0

then

0 E(W) [P,..9 (.i v
lotting pvys a u and • -we have
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3. EVALUATION OF INTEGRALS

We consider first the integral over W and let

1(u) = 0 f2~w (w (17)

then
.° 2 v 2

J, 0 l(u) du
0

now let

f(w)

The integral becomes
S

'• ~-f(w) wdw 2s g(w) (9
1(u) - ' (19)1~) [f(w)+ W g-M()][ug~w) - f(w)]

-00

To evaluate this integral we shall treat w as a complex variable and
close the contour in the upper half plane. We will then have

I(u) + I = 2,iR (20)

Where I is the line integral along a large semicircle and R is the
residue of the integrand in the upper half plane. Now e(w) approaches1 as w becomes very large, so tht

I J' dw fdw

Let
SwRe then dw -RieIo dO (21)

and

I J | i dO "i (22)
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The intogrand has one pole in the upper half plane as is shown by

"equation(AlO, appendix), so that

-f(w 0 ) %wpUg(W%) (23)

The integral given by equation (17) becomes

(U) f(-°) V WO) (24)+ )]Lug,(%) f'(%)

Now it is shown by equation (AMOp appendix) that the pole in the into-

grand is on the imaginary aise, i.e. won iy where y is now real, hence

S0* F(y) O(Z) y. (25)

1(u).- -'ri 4.i 1  (y) y. 0(y) " F (y)j(

where 1(y) - f(ly)) G.Cy) a g(iy) which are real functions as shown by

equations (All) and (A12).

The integration over u can be changed to an integration over y by

using

uO(y) a F(y) (26)

then

duG(y) - [F'(y) - uG'(y)] dy (27)

The integral over u becomes

9-1 a v3  k- 
(28)

yo

where y is determined from F(y_) = 0 and y from the condition

p 5v3 G•y1 ) - F(y1) 0. Inser~ing the functions F(y) and G(Y) given

it equation (A13) into the integrand we find

9



d - (1-f)ydy 4. i f ydy (y Y44~~(29)
2vW 0 Yo YO p

The first two terms are easily integrated to give

- + - (30)

and

Yo 4 ÷YoY,+yd0,, p (31)

X tan-' _2y4.Y1Y1

using the values of y1 and y given by equations (A15) and (A16), we
have •

F • l,~ ["5{3 *+ aw2}•8)s v ]
" 2v Wp po (32)

FvA 2n (3p)
p

py vp+f ;, 2 ;2 2

4. RESULTS

If in equation (32) we let 'YvsO we find the result

q 2W;
F V; t G _ (33)

p

which is just the energy loss per unit length of a nonrelativistic parti-
cle in a collisionless plasma. This result could be obtained directly
from Maxwell's equation using only the electrostatic approximation. How-
ever, we see that when collisions are not negligible the energy loss is
different from the nonrelativistic result. The leading result of equation
(32) when Yjis small is

10



vs4 yow~ tan 1' [I-ps1Ao (V%~~- w) (34)
1- o - T'O [~'-e]40l Polp- i tnv 1-1( ' ktv1,,o13.(1.iWp)1 •l

an if we assume A not small [AvPo>Xl-P8)w,] the correction becomes

- ..- + -l (35)

so that the energy loss is less for small N.

Throughout the derivation the cutoff parameter P0 has been assumed
larga, that is, vP has been assumed large compared to w and to Y. In
using equation (32? for computation the choice of P &us? be consistent
with $his assumption. For a plasma in teo-il equilibrium one may choose
Po where AD Is the Debye length in the plasma (ref 4). This result
would only give the loss of the test particle up to this value P0 . One

would then have to calc ulate the loss by another method and add to the
result above to give the complete loss. For an electror fs not in ther-
mal equilibrium a reasonable estimate of Po would be n -where n is the

number of free electrons per cubic centimeter. For values of P greater
than this$ the individual electron scattering would be important; and if
this were calculated, one could again obtain the total loss by simply
adding to the result given here.
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APmNDIX

Derivation of Dielectric Constant and the Uvaluation of the

Poles in the Integrand of Iquation 19.

We tabs for our model of a plasma a simple Lorentz-type gas. We
"asume that we have a umber (n) of free electrons neutrali•sd by a
oatinuus background of positive charge. The force on an electron then
is given by

J - Or- (Al

where V is a lose parameter which may be Interpreted as energy loss
by collision with other electrons or the positive background, and r
Is the displaoement of an electron from equilibrium. Now since
P. - n e r, we may write

Or - (A2)

i. . -yV (M)

If we now assume a time dependence e"•u• then

"V +,y)(M)

and since - It + 41f- erl we have

D. [I - el + i,) .4)

where wp a

w(w+iy) lop a

If we substitute this expression for e in equation (18) we have

f(W) = I(1OL) wO + ly (1P 1) 0 - OPa e61 (Ms)

and
5(6) = • (A1)
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The polos in the integraixd of evuatio:i (19) are thei the zeros o0

e[ug(w) - f(w)] = u[W+wý,] + W[(l-.f3)w5 + . y(l-ý) W+p2W p) (AS)

Ug(W) - f(W) = (1-9p) +t+iy(1_-0) WO j (u4,W 2) W+iyj = 0 (AM)
P

Let w m iZ, then

(l-02)Z3 + Y(l-9)z 2 - (u+P9 w 2)Z - 'u = 0 (AWO)

This equation has three real roots, so that the roots in W are all on the
imginary axis. Further, the equation has only one positive and two
negative roots. This is easily seen by applying Descartes Rule of Signs
to the cubic equation (4). Now if we let this root be iy, we have

F(y) = f(iy) = [(1-02) y2 +Y (1-02) y-_ W p] (All)

0(y) = g(iy) = +-V (A12)
y

and the function F(y) - y2 G(y) = -2 [y2y+Yy+W 21 (A13)

The limits on the integral in equation (29) are then given

you a P W 2a(A14)

and

14\-- 6Z -W-2
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